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PATRICK COMDU¨HR
Abstract. In 1984 Devaney and Krych showed that for the exponential family
λez, where 0 < λ < 1/e, the Julia set consists of uncountably many pairwise
disjoint simple curves tending to∞, which they called hairs. Viana proved that
these hairs are smooth. Baran´ski as well as Rottenfußer, Ru¨ckert, Rempe and
Schleicher gave analogues of the result of Devaney and Krych for more general
classes of functions. In contrast to Viana’s result we construct in this article
an entire function, where the Julia set consists of hairs, which are nowhere
differentiable.
1. Introduction and main result
For the exponential family f(z) = λez, where 0 < λ < 1/e, it is not difficult
to show that there exists a unique attracting fixed point ξ ∈ R. Devaney and
Krych [DK84] studied for these functions the basin of attraction of ξ, i.e. A(ξ) :=
{z : limk→∞ fk(z) = ξ}. We say that a subset H of C is a hair, if there exists
a homeomorphism γ : [0,∞) → H such that limt→∞ γ(t) = ∞. We call γ(0) the
endpoint of the hair.
We only state the part of the result due to Devaney and Krych which is relevant
for us.
Theorem A. For 0 < λ < 1/e the set C \ A(ξ) is an uncountable union of
pairwise disjoint hairs.
Viana [Vi88] investigated the differentiability of the hairs considered by Devaney
and Krych.
Theorem B. For all 0 < λ < 1/e the hairs of λez are C∞-smooth.
The existence of hairs is not restricted to the situation considered by Devaney
and Krych. Hairs also appear in the so-called Eremenko-Lyubich class B which
has become a major topic of research in the last two decades. It is the class of
all transcendental entire functions whose set of critical and asymptotic values,
denoted by sing(f−1), is bounded.
The next result is a generalization of Theorem A. We only state the part of the
result by Baran´ski [Bar07] and by Rottenfußer, Ru¨ckert, Rempe and Schleicher
[RRRS11], which is relevant for us.
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2 PATRICK COMDU¨HR
Theorem C. Let f ∈ B be of finite order. Then for λ ∈ R chosen small enough,
the map λf has a unique attracting fixed point ξ ∈ C and C\A(ξ) is an uncountable
union of pairwise disjoint hairs.
Roughly speaking, an entire function is said to be of finite order, if it does not
grow too fast (see Section 2 for a precise definition).
In [Co17] it was shown that Viana’s result generalizes to Zorich maps, which
are a higher dimensional counterpart of the exponential family.
The main aim of this article is to show that this is not the case for general
functions in class B. So even for analytic functions the hairs need not be smooth.
More precisely we give an example of a function in class B of finite order with
hairs which are nowhere differentiable.
Theorem 1.1. There exists a function f ∈ B as in Theorem C, where the set
C \ A(ξ) consists of hairs which are nowhere differentiable.
By saying that a hair H ⊂ C is nowhere differentiable, we mean that no
parametrization γ : [0,∞)→ H has a non-zero derivative at any point of [0,∞).
To obtain this result we use the so-called Cauchy integral method to construct
a transcendental entire map of finite order which grows in a prescribed tract to
∞. The existence of hairs for such a function is guaranteed by Theorem C. By
choosing the geometry of the tract in a suitable way, one can obtain that the hairs
cannot be differentiable at any point.
We conclude this introduction with a number of remarks.
Remark 1.1. In complex dynamics the set C \A(ξ) considered in Theorem A and
C is called the Julia set of f , denoted by J(f). It is the set of all points in C
where the iterates fk of f do not form a normal family in the sense of Montel.
Moreover, it turns out that the hairs except for their endpoints lie in the set
I(f) := {z : limk→∞ fk(z) =∞}, which we call the escaping set of f .
For further information on complex dynamics we refer to [Bea91, Ber93, Mi06,
St93].
Remark 1.2. The conclusion of the results stated in Theorem B and C remains true
in a more general setting. Viana [Vi88] showed that the hairs of λez are smooth
for all λ ∈ C \ {0}. In [RRRS11] it was shown that hairs exists for all functions
in class B of finite order. In the same paper it was shown that the assumption
on the order of f cannot be dropped. In fact, they constructed a function of
bounded type of infinite order such that every path-connected component of J(f)
is bounded and thus this function has no hairs. This answered a question of
Eremenko to the negative whether for every z ∈ I(f) there exists an unbounded
and connected set A ⊂ C with z ∈ A such that fn|A →∞ uniformly.
Remark 1.3. Beginning with Weierstraß in 1895 [We95], it is well-known that there
exist continuous functions f : R → R which are nowhere differentiable. Fatou
[Fat06] has already shown that for f(z) = z2 + c, the Julia set J(f) is a Jordan
curve for sufficiently small |c| ∈ R, but it is nowhere differentiable. Theorem
1.1 shows that the pathological example of Weierstraß [We95] has a dynamical
counterpart in terms of hairs of entire functions.
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2. Preliminaries
In this section we collect geometrical properties of curves and the main tools
from complex dynamics.
Definition 2.1 (Order of a function). We say that an entire function f is of finite
order if there exist µ,R > 0 such that
|f(z)| ≤ exp (|z|µ) for |z| ≥ R.
The infimum over all µ such that this holds for some R > 0 is called the order of
f and is denoted by ρ(f), where we use the convention inf ∅ = ∞, if such an R
does not exist for any µ > 0. Then we say that f is of infinite order.
The following result [GO08, Chapter 5, Theorem 1.2] gives a connection between
the number of asymptotic values and the order of an entire function.
Lemma 2.2 (Denjoy-Carleman-Ahlfors). Let f be entire. Then the number of
asymptotic values of f is at most max{1, 2ρ(f)}.
The next result can be found in [Du04, p. 46].
Lemma 2.3. Let f : D → C be univalent. Then f(D(0, r)) is a convex set for
r ≤ √2− 1.
Definition 2.4 (Distortion). Let U ⊂ C be open and f : U → C univalent. If
D ⊂ U is bounded, then we call
L(f |D) := sup{|f
′(z)| : z ∈ D}
inf{|f ′(z)| : z ∈ D}
the distortion of f on D.
The following Lemma can be found in [Po92, Theorem 1.3].
Lemma 2.5 (Koebe’s distortion theorem). Let r > 0, z0 ∈ C and let f : D(z0, r)→
C be univalent. Then we have for all z ∈ D(z0, r) and s := |z − z0|
r − s
(r + s)3
|f ′(z0)| ≤ |f ′(z)| ≤ r + s
(r − s)3 |f
′(z0)| .
Remark 2.1. Under the assumptions of Koebe’s distortion theorem we have
L (f |D(z0,s)) ≤ (r + sr − s
)4
.
In the following denote by ∆(z1, z2, z3) ⊂ C the triangle with vertices z1, z2
and z3, where these points are distinct. Moreover, put dj,k := |zj − zk| for j, k ∈
{1, 2, 3} with j 6= k.
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Definition 2.6 (Degenerate/δ-degenerate). We say that for δ ∈ (0, 1) the triangle
∆(z1, z2, z3) is δ-close to degenerate, if there exists different j, k, l ∈ {1, 2, 3} such
that
(2.1)
dj,k
dj,l + dk,l
≥ 1− δ.
If the quotient equals 1, we say that ∆(z1, z2, z3) is degenerate.
By the triangle inequality we know that the quotient in (2.1) is always less than
or equal to 1. Thus equality means that the points z1, z2 and z3 lie on a line. In
other words, if we have
D (∆(z1, z2, z3)) := max
{
dj,k
dj,l + dk,l
: j, k, l ∈ {1, 2, 3} different
}
< 1− δ,
then the considered triangle is non-degenerate.
Lemma 2.7 (Distortion). Let U ⊂ C be an open, bounded and convex set.
Let ∆(z1, z2, z3) ⊂ U and let f : U → C be univalent. Suppose that f(U) is convex.
Then
D (∆(f(z1), f(z2), f(z3))) ≤ L (f |U) · D (∆(z1, z2, z3)) .
Proof. We have for all j, k ∈ {1, 2, 3} with j 6= k that
|f(zj)− f(zk)| =
∣∣∣∣∫ zj
zk
f ′(z) dz
∣∣∣∣
≤ dj,k · sup{|f ′(z)| : z ∈ [zj, zk]}
≤ dj,k · sup{|f ′(z)| : z ∈ U}.
Since f is univalent in U , we have
dj,k =
∣∣∣∣∣
∫ f(zj)
f(zk)
(
f−1
)′
(z) dz
∣∣∣∣∣
≤ |f(zj)− f(zk)| · sup
{∣∣∣(f−1)′ (z)∣∣∣ : z ∈ [f(zj), f(zk)]}
≤ |f(zj)− f(zk)|
inf{|f ′(z)| : z ∈ U} .
Thus we obtain for all pairwise different j, k, l ∈ {1, 2, 3}
|f(zj)− f(zk)|
|f(zj)− f(zl)|+ |f(zk)− f(zl)| ≤
dj,k
dj,l + dk,l
· sup{|f
′(z)| : z ∈ U}
inf{|f ′(z)| : z ∈ U} .
This yields
D (∆(f(z1), f(z2), f(z3))) ≤ L (f |U) · D (∆(z1, z2, z3)) . 
The next lemma follows by elementary geometry.
Lemma 2.8. Let ∆(z1, z2, z3) ⊂ C be non-degenerate in the sense of Definition
2.6 for some δ > 0. Then every angle in ∆(z1, z2, z3) is bounded away from 0 and
pi, with bounds depending only on δ.
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Lemma 2.9. Let γ : [a, b] → C be continuous and injective, and differentiable at
t0 ∈ [a, b] with γ′(t0) 6= 0. Then for all δ ∈ (0, 1) there exists ε > 0 such that
the triangle ∆(z1, γ(t0), z2) is δ-close to degenerate for all z1, z2 ∈ D(γ(t0), ε) ∩
γ([a, b]).
Proof. Since γ is injective, we know that for all δ > 0 there exists ε > 0 such that
for all t ∈ [a, b] with |γ(t)− γ(t0)| < ε we have |t− t0| < δ. For all t ∈ [a, b] \ {t0}
we have
γ(t)− γ(t0)
t− t0 = γ
′(t0) + κ(t)
with κ(t)→ 0 as t→ t0. Let η > 0 be small. Then we can choose δ small enough
such that for all t ∈ [a, b] with |t− t0| < δ we have |κ(t)| < |γ′(t0)| sin η.
Let z1, z2 ∈ (D(γ(t0), ε) ∩ γ([a, b])) \ {γ(t0)}, say z1 = γ(t1) and z2 = γ(t2).
Then |tj − t0| < δ and we obtain
|arg (γ′(t0) + κ(tj))− arg (γ′(t0))| ≤ arcsin
( |γ′(t0)| sin η
|γ′(t0)|
)
= η
for j ∈ {1, 2}. Thus the equation
γ(tj)− γ(t0) = (γ′(t0) + κ(tj)) (tj − t0)
yields
arg (γ(tj)− γ(t0)) = arg γ′(t0) + rj,
where |rj| ≤ η for tj > t0 and |rj − pi| ≤ η for tj < t0 for a suitable choice of the
argument. Hence
|arg (γ(t2)− γ(t0))− arg (γ(t1)− γ(t0))| ≤ 2η
or
|arg (γ(t2)− γ(t0))− arg (γ(t1)− γ(t0))− pi| ≤ 2η.
Noticing that arg (γ(t2)− γ(t0)) − arg (γ(t1)− γ(t0)) is the angle of the triangle
at γ(t0), the conclusion follows. 
Now we introduce a key tool given by [EL92], the so-called logarithmic change
of variable, to study functions in class B. We have the following result.
Theorem 2.1 (Logarithmic change of variable). Let f ∈ B and let R > |f(0)| be
such that sing(f−1) ⊂ D(0, R). Let
W := exp−1
(
f−1 ({z ∈ C : |z| > R}))
and
H := {z ∈ C : Re z > logR}.
Then every component of W is simply connected and there exists a holomorphic
function F : W → H such that
expF (z) = f(exp z)
for all z ∈ W . Moreover, for every component U of W the restriction F |U is a
conformal map from U onto H.
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The function F obtained by the logarithmic change of variable of f is called a
logarithmic transform of f . Moreover, we call every component of W a tract.
There are several ways to define disjoint type functions. [Bar07, Lemma 3.1]
or [MB12, Proposition 2.8] provide the definition of disjoint type entire functions
which we will use in the sequel.
Definition 2.10 (Disjoint type functions). A transcendental entire function f is
said to be of disjoint type if there exists a bounded Jordan domain D ⊂ C such
that sing(f−1) ⊂ D and f (D) ⊂ D.
Remark 2.2. Since the set sing(f−1) is bounded for every function f ∈ B, one can
obtain a function of disjoint type by considering the function f0 := λf for small
λ ∈ R. This is precisely the situation which was considered in Theorem C.
If in addition λ is chosen small enough, then there exists a constant K > 1 such
that |F ′(z)| ≥ K for all z ∈ W and sing(f−10 ) ⊂ D. Moreover, we have D ⊂ F (f0)
by Montel’s theorem.
Following [BJR12, Section 3], we can define disjoint type logarithmic transforms
as follows.
Definition 2.11 (Disjoint type for F ). Let F : W → H be a logarithmic transform
of the function f ∈ B. Then we say that F is of disjoint type, if W ⊂ H.
We only state the part of [BJR12, Lemma 3.1] which is relevant for us.
Lemma 2.12 (Connection between disjoint type functions). Let F : W → H be
a logarithmic transform of the function f ∈ B. Then f is of disjoint type if and
only if F is of disjoint type.
Remark 2.3. It was shown in [BJR12, Proposition 4.2, Corollary 4.4] that the
Julia set J(F ) of a logarithmic transform F : W → H of a disjoint type function
f of finite order also consists of uncountable union of hairs which are pairwise
disjoint, where
J(F ) := {z ∈ W : F j(z) ∈ W for all j ∈ N0}.
Note that this continuous extension of F |W exists by considering a smaller value
of R.
Moreover, we have exp(J(F )) = J(f). This yields that, given a parametriza-
tion γ of a hair H ⊂ J(F ), the function exp ◦γ is a parametrization of the hair
exp(H) in J(f). Thus H is nowhere differentiable if and only if exp(H) is nowhere
differentiable.
Remark 2.4. Now we want to discuss the existence of hairs. Given a function
f ∈ B such that the set T := Log ((f−1 ({z ∈ C : |z| > R}))) consists of exactly
one component, where Log denotes the principle branch of the logarithm, we put
T (0) := T and for k ∈ Z denote T (k) := T (0) + 2piik. With
T :=
⋃
k∈Z
T (k)
the logarithmic transform of f takes the form F : T → H.
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Definition 2.13 (External address). For each z ∈ J(F ) we call the sequence
s(z) := s0s1s2 · · · = (sk)k≥0 ∈ ZN0
such that F k(z) ∈ T (sk) for all k ≥ 0 the external address of z.
For disjoint type maps of finite order we will use the following Theorem [RRRS11,
Theorem 4.7].
Theorem 2.2. Let s ∈ ZN0. Then {z ∈ J(F ) : s(z) = s} is either empty or a
hair.
Remark 2.5. For a logarithmic transform of F of a disjoint type map f of finite
order the hairs of F except for the endpoints belong to the escaping set of F , i.e.
given a parametrization γ : [0,∞)→ C of a hair of F , we have ReF n|γ((0,∞)) →∞
locally uniformly as n→∞.
3. Construction of the functions and the Cauchy integral method
In this section we use for α ∈ R and β > 0 the notation
Sα,β := {z ∈ C : Re(z) > α, |Im(z)| < β}.
The original Cauchy integral method was established by Po´lya and Szego¨ [PS72,
p. 115, ex. 158] using the function
f˜(z) =
1
2pii
∫
γ
ee
ζ
ζ − zdζ,
where γ is a curve going through the boundary of S0,pi = {z ∈ C : Re(z) >
0, |Im(z)| < pi} in clockwise direction and z ∈ C \ S0,pi. This function is bounded
in C \ S0,pi. By considering the integral over ∂Sα,pi with α > 0 instead of γ and
letting α → ∞, one can extend the function f˜ to an entire function f in such a
way that
f(z) =
{
f˜(z) , if z ∈ C \ S0,pi,
f˜(z) + ee
z
, if z ∈ S0,pi.
For a thorough discussion on the Cauchy integral method we refer to [RG14,
Theorem 1.7].
In the following we consider a tract which looks like a sine-like halfstrip in
logarithmic coordinates. Our aim is to apply the Cauchy integral method in
‘standard coordinates’ to obtain a suitable function of bounded type.
To realize this tract, we define the function
h : C→ C, h(z) = 5piz + 2pii sin z.
Then the function h|S−1,pi/3 is univalent since Reh′(z) > 0 and this implies that
S0,pi ⊂ h(S−1,pi/3).
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Remark 3.1. For our purpose it is useful to show that T := h−1(S0,pi) contains no
straight line which is unbounded to the right.
Since
Imh(x+ iy) = 5piy + 2pi sinx · cosh y,
we first consider the equation Imh(x+iy) = pi for the upper boundary of T . Thus
we have for all k ∈ Z and x = xk = pi/2 + 2pik
5piy + 2pi cosh y = pi
and since cosh y ≥ 1, we obtain y ≤ −1/5. For the lower boundary of T we
consider the equation Imh(x + iy) = −pi and with x = xk = −pi/2 + 2pik we
obtain
5piy − 2pi cosh y = −pi
and hence y ≥ 1/5. This implies that T contains no straight line.
For the proof of Theorem 1.1 we need a bit more information about the geometry
of T . If y = 0, then the equation Imh(x + iy) = pi yields 2pi sinx = pi and thus
we have sinx = 1/2. Hence the solutions in [0, 2pi] are pi/3 and 2pi/3. Similarly,
we obtain for y = 0 in Imh(x+ iy) = −pi the solutions 4pi/3 and 5pi/3.
Note that T is 2pi-periodic, i.e. if z ∈ T , then z + 2pi ∈ T . Using the fact
that |y| ≤ pi/3 and equation Imh(x + iy) = pi with x = xk = −pi/2 + 2pik resp.
Imh(x+iy) = −pi and x = xk = pi/2+2pik, we similarly obtain that |Im(z)| ≤ 7/8
for all z ∈ T . More precisely, one can show that |Im(z)| ≤ 3/4 for all z ∈ T .
Figure 1. Construction of the function g using the logarithmic
change of variable of the map h.
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We define
g : {z ∈ C : |z| > 1/e, |arg z| < pi/3} → C, g(z) = exp (h(Log z)) ,
where Log denotes the principal branch of the complex logarithm. Then g is
holomorphic and with W := exp(T ) we obtain
W ⊂ {z ∈ C : |z| > 1/e, |arg z| < pi/3}.
Now we parametrize ∂W by its radius for large R > 1, i.e. we define
γ : R→ ∂W, γ(t) =
{
|t| eiϕ(t), if |t| ≥ R,
γ˜(t), else,
where ϕ is a function and γ˜ is a suitable piecewise C1 curve ‘gluing’ the outer
parts together. Because Reh′(z) > 0 we have |arg h′(z)| < pi/2 and the upper
respectively the lower boundary of T has a parametrization t 7→ Log |t| + iϕ(t).
This guarantees the parametrization for ∂W from above.
We want to show the following lemma which is similar to [RRRS11, Prop. 7.1].
Here V := C \W .
Lemma 3.1. There exists an entire function f ∈ B of finite order and a constant
K > 0 such that
(1) A := {z ∈ C : |f(z)| > K} ⊂ W.
(2) We have
∣∣f(z)− eg(z)∣∣ = O(1) on A and |f(z)| = O(1) on V.
We split the proof up into several parts.
Claim 1. The map
f˜(z) :=
1
2pii
∫
γ
exp g(ζ)
ζ − z dζ
defines a holomorphic function f˜ : C \ γ → C.
Proof. We show that the integral
1
2pii
∫
γ
exp g(ζ)dζ
converges absolutely for all z ∈ C \ γ. For |t| ≥ R we have
h(Log(γ(t))) = 5pi(Log |t|+ iϕ(t)) + 2pii sin(Log |t|+ iϕ(t)).
Since
sin(Log |t|+ iϕ(t)) = sin(Log |t|) · coshϕ(t) + i cos(Log |t|) · sinhϕ(t),
we obtain
(3.1)
g(γ(t)) = exp (h(Log(γ(t))))
= exp (5pi Log |t|) · exp (5piiϕ(t)) · exp (2pii sin(Log |t|+ iϕ(t)))
= |t|5pi · exp(−2pi cos(Log |t|) · sinhϕ(t))
· exp (pii (5ϕ(t) + 2 sin(Log |t|) · coshϕ(t))) .
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By our construction of h we know that for all |t| ≥ R
h(Log γ(t)) ∈ R+ ± ipi
and thus g(γ(t)) ∈ (−∞, 0) for |t| ≥ R. Therefore we obtain
5ϕ(t) + 2 sin(Log |t|) · coshϕ(t) =
{
1, if t ≥ R,
−1, if t ≤ −R.
Differentiating both sides with respect to t we obtain
5ϕ′(t) + 2
cos(Log |t|)
t
· coshϕ(t) + 2 sin(Log |t|) · sinhϕ(t) · ϕ′(t) = 0.
From the construction of h it is clear that |ϕ(t)| ≤ pi/3 for all t. Since
5 + 2 sin(Log |t|) · sinhϕ(t) ≥ 5− 2 sinh pi
3
>
5
2
,
this yields
|ϕ′(t)| = 1|t| ·
2 |cos(Log |t|)| · coshϕ(t)
|5 + 2 sin(Log |t|) · sinhϕ(t)| ≤
4 cosh pi
3
5 |t| ≤
2
|t| .
With
γ′(t) = sgn(t) · eiϕ(t) · (1 + itϕ′(t))
we obtain
(3.2) |γ′(t)| = |1 + itϕ′(t)| ≤ 3
for |t| ≥ R. Since γ is piecewise smooth, there is a constant C1 > 0 such that
(3.3)
∫ R
−R
exp(Re g(γ(t))) · |γ′(t)| dt ≤ C1.
With C2 := exp
(−2pi sinh pi
3
)
we have
(3.4)
exp Re g(γ(t)) = exp
(− |t|5pi · exp (−2pi cos(Log |t|) · sinhϕ(t)))
≤ exp
(
− |t| · exp
(
−2pi sinh pi
3
))
= exp (−C2 · |t|) .
It follows from (3.2), (3.3) and (3.4) for z ∈ C \ γ that
(3.5)
∣∣∣∣ 12pii
∫
γ
exp g(ζ)dζ
∣∣∣∣ ≤ 12pi
∫ ∞
−∞
exp Re g(γ(t)) · |γ′(t)| dt ≤ 1
2pi
(
C1 +
6
C2
)
.
Thus
∫
γ
exp(g(ζ))dζ converges absolutely and the claim follows. 
Claim 2. The function f˜ is bounded.
Proof. We choose κ > 0 small such that the following holds:
(1) We have
Uκ(γ) := {w ∈ C : dist(γ, w) ≤ κ} ⊂ {z ∈ C : |z| > 1/e, |arg z| < pi/3}.
(2) For all z ∈ Uκ(γ) we have
(3.6) g(z) ∈ {3 + reiθ : θ ∈ (3pi/4, 5pi/4)} .
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Moreover, we define
Vκ := {z ∈ C \W : dist(z,W ) > κ}
and
Wκ := {z ∈ W : dist(z, ∂W ) > κ}.
The first step is to show that f˜ is bounded in Vκ ∪Wκ. As long as z ∈ Vκ ∪Wκ
we use the curve γ from above. If z ∈ Uκ(γ), we modify the curve as follows:
Since γ is unbounded, there exist R1 ∈ R minimal and R2 ∈ R maximal such
that dist(γ(Rj), z) = κ for j ∈ {1, 2}. Moreover, there exist angles ψ1, ψ2 ∈ [0, 2pi)
such that γ(R1) = R1e
iϕ(R1) = z + κeiψ1 and γ(R2) = R2e
iϕ(R2) = z + κeiψ2 . Thus
we define
(3.7) γz(t) :=
{
γ(t), if t ∈ (−∞, R1) ∪ (R2,∞),
z + κ exp (iϕz(t)) , if t ∈ [R1, R2],
with a suitable function ϕz satisfying ϕz(Rj) = ψj for j ∈ {1, 2}.
The next step is to show that the integral
(3.8)
1
2pii
∫
γz
exp g(ζ)
ζ − z dζ
is bounded independently of z. Notice that by Cauchy’s integral theorem we have
f(z) =
1
2pii
∫
γ
exp g(ζ)
ζ − z dζ =
1
2pii
∫
γz
exp g(ζ)
ζ − z dζ.
Now we split γz up into three parts. Therefore denote
γz,1 := γz|(−∞,R1), γz,2 := γz|[R1,R2] and γz,3 := γz|(R2,∞).
Using this decomposition of γz, we obtain with (3.5)
(3.9)
∣∣∣∣∣ 12pii
∫
γz−γz,2
exp g(ζ)
ζ − z dζ
∣∣∣∣∣ ≤ 12pi
∫
γz−γz,2
|exp g(ζ)|
|ζ − z| |dζ|
≤ 1
2piκ
∫
γ
exp Re g(ζ) |dζ|
≤ 1
2piκ
(
C1 +
6
C2
)
.
Moreover, we have with (3.6) and γz,2 ⊂ Uκ(γ)
(3.10)
∣∣∣∣∣ 12pii
∫
γz,2
exp g(ζ)
ζ − z dζ
∣∣∣∣∣ ≤ length(γz,2) · maxζ∈γz,2 |exp g(ζ)||ζ − z|
≤ 2piκ
κ
· max
ζ∈γz,2
exp (Re g(ζ))
≤ 2pie3.
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Thus the integral in (3.8) is bounded independently of z and hence there exists a
constant C3 > 0 such that
(3.11)
∣∣∣f˜(z)∣∣∣ ≤ C3
for all z ∈ C \ γ. 
Claim 3. The function
f(z) :=
{
f˜(z), if z ∈ V,
f˜(z) + exp(g(z)), if z ∈ W,
extends to an entire function f : C→ C of finite order.
Proof. Let R0 > 0 be large and define
γ1 := (γ ∩ {z ∈ C : |z| > R0}) ∪
{
R0e
iθ : θ ∈ [ϕ(−R0), ϕ(R0)]
}
and let V ′ be the component of C \ γ1 containing V .
Then the function
f1 : V
′ → C, f1(z) := 1
2pii
∫
γ1
exp g(ζ)
ζ − z dζ
defines a holomorphic function on V ′. By the Cauchy integral theorem we obtain
for z ∈ V
f(z)− f1(z) = 1
2pii
∫
γ
exp g(ζ)
ζ − z dζ −
1
2pii
∫
γ1
exp g(ζ)
ζ − z dζ = 0.
Thus f1 coincides with f on V . Moreover, we have for z ∈ V ′ ∩W by the Cauchy
integral theorem that
f1(z)− f˜(z) = exp(g(z)).
Notice that f1 = f |V ′ . Since R0 was arbitrary, the function f is entire. It is left
to show that f is of finite order. With equality (3.1) we obtain for z = reiθ ∈ W∣∣g(reiθ)∣∣ = r5pi · exp(−2pi cos (Log r) · sinh θ) ≤ r5pi · exp(2pi sinh pi
3
)
.
Since f(z) = exp(g(z)) + O(1) for z ∈ W and f(z) = O(1) for z ∈ C \W , the
function f is of order at most 5pi and thus the claim follows. 
Proof of Lemma 3.1. It is left to show that f ∈ B. By the theorem of differentia-
tion under the integral sign, we have
f˜ ′(z) =
1
2pii
∫
γ
exp g(ζ)
(ζ − z)2 dζ.
Because the only difference between f˜ and f˜ ′ is that 1/(ζ − z) was replaced by
1/(ζ − z)2 in the integral, this yields with (3.5) that∣∣∣f˜ ′(z)∣∣∣ ≤ 1
2piκ2
(
C1 +
6
C2
)
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for z ∈ Vκ∪Wκ. For z ∈ Uκ(γ) and γz as in (3.7) we also have the same estimates
in (3.9) and (3.10) with the extra factor 1/κ . This yields that we have in total∣∣∣f˜ ′(z)∣∣∣ ≤ C3/κ on C \ γ.
Now we show that f ∈ B, i.e. that sing(f−1) is bounded. Since
f ′(z) =
{
f˜ ′(z), if z ∈ V,
f˜ ′(z) + g′(z) exp(g(z)), if z ∈ W,
we obtain |f ′(z)− g′(z) exp(g(z))| ≤ C3/κ on W . Since f is bounded on V , it
suffices to show that the set of critical values of f corresponding to critical points
in W is bounded. That is, the set {f(ζ) : ζ ∈ W, f ′(ζ) = 0} is bounded. Let
ξ ∈ W be a critical point of f . Thus
(3.12) |f ′(ξ)− g′(ξ) exp(g(ξ))| = |g′(ξ)| · exp(Re(g(ξ))) ≤ C3
κ
.
Moreover, we have
g′(z) =
pi
z
(5 + 2i cos (Log z)) · exp (5pi Log z + 2pii sin (Log z))
= (5pi + 2pii cos (Log z)) · z5pi−1 · exp (2pii sin (Log z)) .
In addition, we have
|5pi + 2pii cos (Log(x+ iy))| ≥ Re (5pi + 2pii cos (Log(x+ iy))) ≥ 5pi
2
and
|exp (2pii sin (Log(x+ iy)))| = exp (−2pi Im (sin (Log(x+ iy)))) ≥ exp (−3pi) .
Together this yields for large z ∈ W that
|g′(z)| ≥ 5pi
2
e−3pi · |z|5pi−1 ≥ 1.
With (3.11) and (3.12) we obtain
|f(ξ)| ≤
∣∣∣f˜(ξ)∣∣∣+ |exp(g(ξ))| ≤ C3 + exp(Re g(ξ)) ≤ C3 + C3
κ |g′(ξ)| ≤ C3 +
C3
κ
Since f is of finite order, the number of asymptotic values is finite by Lemma 2.2.
Thus sing(f−1) is bounded, i.e. f ∈ B. 
4. Proof of Theorem 1.1
Proof of Theorem 1.1. From Lemma 3.1 we have obtained a suitable function f
which is close to eg in the subset A of our desired tract. The function we will
construct in the following will be of disjoint type.
First choose R > 0 large enough such that sing(f−1) ⊂ D(0, eR). Following
Remark 2.2, we choose λ small enough to obtain all features of f0 mentioned
there with D = D(0, eR).
By Theorem C we know that J(f0) consists of an uncountable union of pairwise
disjoint hairs. We now want to show that every hair of f0 is nowhere differentiable
including all endpoints.
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For A˜ := f−10
(
C \ D) denote T := Log (A˜) and define T as in Remark 2.4.
Thus the logarithmic transform of f0 takes the form F : T → H>0 := {z ∈ C :
Re z > 0}. By Remark 2.3 we know that J(F ) also consists of an uncountable
union of pairwise disjoint hairs. From now on we fix an address s such that
the set {z ∈ J(F ) : z has address s} is non-empty and thus a hair by Theorem
2.2. We consider an arbitrary parametrization γ : [0,∞) → C of this hair. Then
F n(γ) is the hair in J(F ) having the address snsn+1 . . . with endpoint F
n(γ(0)).
By Remark 2.5 we have ReF n|γ((0,∞)) → ∞ locally uniformly as n → ∞. It
follows from the construction of the tract T ⊃ T (0) and the fact that F n(γ) has
address snsn+1 . . . for all n ∈ N that t 7→ Im(F n(γ(t)) − 2piisn) changes its sign
infinitely often. Remark 3.1 yields that their exists for all n ∈ N0 a sequence
(zn,k)k∈N ∈ (F n(γ((0,∞)))N such that the following holds:
(1) We have for all n ∈ N0
Im (zn,k − 2piisn)
{
> 1/5, if k is odd,
< −1/5, if k is even.
(2) For all n ∈ N0 and k ∈ N we have Re zn,k+1 − Re zn,k = pi and thus
lim
k→∞
Re zn,k =∞.
Let w0 ∈ γ([0,∞)) and denote wn := F n(w0) for all n ∈ N. In this case we will take
zn,k := xn,k + iyn,k, where xn,k can be chosen to be pi/2 +pi (dReF n(γ(0))/pie+ k)
according to Remark 3.1. Thus the imaginary part of zn,k − 2piisn is bounded
uniformly away from 0.
Since F is the logarithmic transform of the function f0 of disjoint type, we have
T ⊂ H≥0 and there exists by Remark 2.2 a constant K > 1 such that we have
|F ′(z)| ≥ K for all z ∈ T . Thus every branch F−1k : H>0 → T (sk) of F−1 is a
uniform contraction on H>0.
Now we proceed as follows. If Im(wn − 2piisn) > 0, there exists a minimal
kn ∈ 2N such that
Rewn < xn,kn and yn,kn − 2pisn < 0
and consider the triangle ∆(wn, zn,kn , zn,kn+1) (see Figure ??). Since for all n ∈ N
pi
4
< xn,kn − Rewn < 2pi
and
1
5
< Imwn − yn,kn <
3
2
holds by Remark 3.1, we obtain for all n ∈ N
1
20pi
<
∣∣∣∣ Imwn − yn,knRewn − xn,kn
∣∣∣∣ < 6pi .
Using the fact that xn,kn+1 − xn,kn = pi, we obtain
2
5pi
<
∣∣∣∣ yn,kn − yn,kn+1xn,kn − xn,kn+1
∣∣∣∣ < 32pi .
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Figure 2. Construction of the function g using the logarithmic
change of variable of the map h.
Hence
1
20pi
< arctan
(∣∣∣∣ Imwn − yn,knRewn − xn,kn
∣∣∣∣)+ arctan(∣∣∣∣ yn,kn − yn,kn+1xn,kn − xn,kn+1
∣∣∣∣) < pi2
and thus the angle at zn,kn is always greater than pi/2 and less than 19pi/20. This
yields that ∆(wn, zn,kn , zn,kn+1) is non-degenerate, say
(4.1) D (∆(wn, zn,kn , zn,kn+1)) < 1− δ
for a suitable δ > 0.
Analogously, if Im(wn − 2piisn) < 0, there exists kn ∈ 2N + 1 with the same
property. Since 4pi >
√
(3pi)2 + (3/4)2 and by our construction of the tract we
know that the disc Dn := D(wn, 4pi) contains the triangle ∆(wn, zn,kn , zn,kn+1) for
all n ∈ N. If we choose R > 4pi we can guarantee that Rewn − 4pi > 0 for all
n ∈ N0 since Rewn > R. Now we want to show that with
φn := F
−1
0 ◦ · · · ◦ F−1n−1
the map φn|Dn has a uniformly bounded distortion. If we putRn := dist(wn, ∂H>0)
for all n ∈ N0, we obtain Rn = Rewn > R for all n ∈ N0. Since φn is conformal
on D(wn, Rn), we obtain by Remark 2.1
L (φn|Dn) ≤
(
Rn + 4pi
Rn − 4pi
)4
≤
(
R + 4pi
R− 4pi
)4
≤ 1 + δ
for R large enough. To guarantee convexity of φn(Dn), we need by Lemma 2.3 to
take R large enough such that 2pi/R <
√
2 − 1. Together with Lemma 2.7 and
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(4.1) this yields
D (∆ (φn(wn), φn(zn,kn), φn(zn,kn+1))) ≤ (1 + δ) · D (∆(wn, zn,kn , zn,kn+1))
< 1− δ2.
Since |F ′(z)| ≥ K for all z ∈ T and (F−1j )′ (z) = (F−10 )′ (z) for all j ∈ N0, we
obtain by the chain rule
|φ′n(z)| =
1∣∣(F n)′ (F−n0 (z))∣∣ = 1∏n−1j=0 ∣∣F ′(F j−n0 (z))∣∣ ≤ 1Kn .
Since the distortion of φn on the triangle ∆(wn, zn,kn , zn,kn+1) is bounded for all
n ∈ N0, these triangles converge to the single point w0 for n→∞. On the other
hand, these triangles are always non-degenerate. Thus γ is not differentiable in
w0 by Lemma 2.9. Since w0 was arbitrary, the claim follows. 
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